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The quantum conductance of the single-electron tunneling
(SET) transistor is investigated in this paper by the functional
integral approach. The formalism is valid for arbitrary tunnel
resistance of the junctions forming the SET transistor at any
temperature. The path integrals are evaluated by the semi-
classical method to yield an explicit non-perturbation form of
the quantum conductance of the SET transistor. An anomaly
of the quantum conductance is found if the tunnel resistances
are much smaller than the quantum resistance. The depen-
dence of the conductance on the gate voltage is also discussed.
Coulomb blockade effects in systems containing ultra-
small tunnel junctions have attracted great interest in
recent years1–3. The basic device to show the transport
properties of such structures is the single electron tun-
neling transistor (SET-transistor), where an ultrasmall
metallic island is formed by two in-series connected tun-
nel junctions. The island is coupled to a gate voltage
VG via a capacitance CG. A transport voltage V is
attached, say, to the left lead electrode. The behavior
of the SET-transistor has been investigated extensively
both theoretically and experimentally4–7. Most of the
works have concentrated on the case of high tunnel re-
sistances and low temperatures in order to satisfy the
conditions RT ≫ RK = h/e
2 and kBT ≪ e
2/2C with
C of the same order of CG or capacitances of the tunnel
junctions so that Coulomb blockade effects are obviously
not washed out3. Under these conditions, however, the
speed of controlable tunneling processes is strongly lim-
ited and present devices must work at very low temper-
atures. On the other hand, the latest experiments show
that the manifestation of Coulomb blockade at high tem-
peratures is clearly observable, even for strong tunneling,
and such effects are of significant applications8,9. There-
fore it is meaningful to investigate such systems with var-
ious tunneling strengths and temperatures.
The SET-transistor in the presence of an infinitesimal
transport voltage may be described by the Hamiltonian
H = H0 + HT
2,10 , where H0 = HL + HR + HI + HQ
represents systems in the absence of tunneling. Here
HL, HR and HI describe the free quasi-particles on the
left lead electrode, right lead electrode and on the is-
land formed by the tunnel junctions, respectively. HQ is
the Coulomb energy of the SET-transistor with the form
HQ = Ec(q/e − nex)
2, where Ec = e
2/2CΣ with the to-
tal capacitance CΣ = CL + CR + CG. The influence of
the continuous change of the gate voltage is described by
nex = CGVG/e and q is the charge operator on the island.
The tunneling Hamiltonian contains two parts describ-
ing tunneling processes between the left lead electrode
and the island
HT1(ϕ1) = H
+
T1(ϕ1) +H
−
T1(ϕ1)
=
∑
kqσ
(tkqσc
+
kσcqσe
−iϕ1 + h.c.) (1)
and tunneling processes between the island and the right
lead electrode
HT2(ϕ2) = H
+
T2(ϕ2) +H
−
T2(ϕ2)
=
∑
k′qσ
(tk′qσc
+
k′σcqσe
−iϕ2 + h.c.). (2)
Here k, k′ and q are the longitudinal wave numbers,
σ denotes the transversal and spin numbers, ϕi is the
phase of the i-th tunnel junction conjugate to the charge
of it Qi. The conservation of σ during tunneling pro-
cesses is included in the above equations. Since the typ-
ical impedance of the external electromagnetic environ-
ment is much smaller than RK , its influence on the quan-
tum conductance of the SET-transistor may normally be
neglected11,12.
Let us now introduce the total phase Ψ = ϕ1 + ϕ2 =
e
∫ t
−∞ dt
′V (t′) conjugate to the total charge Q = κ1Q1+
κ2Q2, and the phase ϕ = κ2ϕ1−κ1ϕ2 as a conjugate vari-
able to the island charge q. Here κ1 = (CR+CG/2)/CΣ,
and κ2 = (CL + CG/2)/CΣ. Then the perturbation
Hamiltonian as a linear function of the transport volt-
age reads
δHT = ΨF (ϕ) +O(Ψ
2), (3)
with the generalized force
F (ϕ) = [κ1I1(ϕ)− κ2I2(ϕ)]/e, (4)
where the tunnel current from the left lead electrode to
the island is
I1(ϕ) = ie[H
+
T1(ϕ)−H
−
T1(ϕ)], (5)
and the one from the right lead electrode to the island
reads
I2(ϕ) = ie[−H
+
T2(−ϕ) +H
−
T2(−ϕ)]. (6)
By employing Kubo’s formula for the SET-transistor,
we find that for τ > 0 its dc-conductance takes the fol-
lowing form
1
Gdc = lim
ω→0
ω−1ℑm{ lim
iωl→ω+iδ
e
∫ β
0
dτeiωlτ 〈I(τ)F (0)〉},
(7)
where {ωl} are Matsubara frequencies with the definition
ωl = 2pil/β, for l = ±1,±2, · · · and I(τ) may be chosen
as I1(τ) or −I2(τ), because −I2 flows in the direction
that the transport voltage decreases. It will be shown
that they lead to the same result.
The undisturbed system is actually a single elec-
tron box (SEB) with two in-parallel connected tunnel
junctions4,10. The partition function of this system may
be described as a functional integral in the following
form2,13,14
Z =
∫
Dϕe−SΣ[ϕ], (8)
with the action
SΣ[ϕ] = inex[ϕ(β) − ϕ(0)] +
∫ β
0
dτ
ϕ˙2(τ)
4Ec
−
∫ β
0
dτ
∫ β
0
dτ ′αΣ(τ − τ
′) cos[ϕ(τ) − ϕ(τ ′)], (9)
where αΣ(τ) = α1(τ)+α2(τ). Here αi(τ) is the damping
kernel of the i-th tunnel junction, which is an even func-
tion with a period β and its Fourier transform reads2,13,14
αi(τ) =
1
β
∞∑
l=−∞
αi(ωl)e
iωlτ , (10)
where
αi(ωl) = −
αti
4pi
|ωl|, for |ωl| ≪ D. (11)
Here αti = 4pi
2t2i ρiρ
′
iNi, which is related to the tun-
nel resistance through αti = RK/Ri, and thus αΣ(τ) =
αtΣαi(τ)/αti with αtΣ = αt1 + αt2 . The bandwidth in
metalsD is normally much larger than the single electron
charging energy Ec.
The current-current correlation functions may also be
described in a path integral form by the generating func-
tional approach as predicted by Ben-Jacob et al13,15. For
the SET-transistor, we obtain for i = 1 or 2
〈Ii(τ)Ii(0)〉 = Z
−1
∫
Dϕe−SΣ[ϕ]{2e2αi(τ)
× cos[ϕ(τ) − ϕ(0)] + ITi[ϕ, τ ]ITi[ϕ, 0]} (12)
and for i 6= j
〈Ii(τ)Ij(0)〉 = Z
−1
∫
Dϕe−SΣ[ϕ]ITi[ϕ, τ ]ITj [ϕ, 0], (13)
where
ITi[ϕ, τ ] = −2e
∫ β
0
dsαi(τ − s) sin[ϕ(τ) − ϕ(s)]. (14)
From (9), we see that the action is a periodic function
of ϕ with period 2pi, and thus the partition function may
be written as a sum over winding numbers, i.e.
Z =
∞∑
k=−∞
∫
ϕ(β)=ϕ(0)+2pik
D[ϕ]e−SΣ[ϕ], (15)
and so is the current auto-correlation function,
〈Ii(τ)Ii(0)〉 = Z
−1
∞∑
k=−∞
∫
ϕ(β)=ϕ(0)+2pik
D[ϕ]e−SΣ[ϕ]
{2e2αi(τ) cos[ϕ(τ) − ϕ(0)] + ITi[ϕ, τ ]ITi[ϕ, 0]}. (16)
Due to the nonlinear, nonlocal interactions described
by the damping part of the action, the partition function
and correlation functions cannot be evaluated exactly.
For a single tunnel junction or the SEB, there are some
methods such as renormalization group theory, sluggish
phase transition technique, quasiclassical Langevin equa-
tion, self-consistent harmonic approximation and Monte
Carlo simulation developed to evaluate such functional
integrals approximately or numerically2,10,14–19. At not
too low temperatures the functional integrals may well
be evaluated systematically as a series of βEc by the
semiclassical method including fluctuations beyond the
Gaussian approximation as shown below.
From δSΣ[ϕ] = 0 and the boundary condition ϕ(β) =
ϕ(0) + 2pik we get the trivial classical paths satisfying
ϕ
(k)
cl (τ) = ϕ(0) + ωkτ with the classical action S
(k)
cl =
pi2k2/βEc + |k|αtΣ/2 . For an arbitrary path ϕ(τ) =
ϕ
(k)
cl (τ) + θ(τ) of winding number k fluctuating about
the classical solution, the second order variational action
reads
δ2S(k) =
∫ β
0
dτ
θ˙2
4Ec
+
1
2
∫ β
0
dτ
∫ β
0
dτ ′αΣ(τ − τ
′)
× cos[ωk(τ − τ
′)][θ(τ) − θ(τ ′)]2. (17)
In terms of the Fourier transform θ(τ) =
∑∞
l=−∞ θle
iωlτ ,
with θl = θ
′
l + iθ
′′
l and θ−l = θ
∗
l , one has
δ2S(k) =
∞∑
l=1
λ
(k)
l (θ
′
l
2
+ θ′′l
2
), (18)
where for l≪ βD, the eigenvalues read
λ
(k)
l =
ω2l
2Ec
+Θ(l− |k|)
αtΣ ωl−|k|
2pi
. (19)
At high temperatures the eigenvalues are large and the
trivial classical paths are stable. For very large l the
eigenvalues approach ω2l /2Ec independent of k. Upon
normalization of the path integral to the one of k = 0,
the large l contributions cancel. It is then straightforward
to show that
Zsemi = Z0
[
1 + 2
∞∑
k=1
Ck cos(2piknex)
]
, (20)
2
where Z0 =
∏∞
l=1 pi/βλ
(0)
l is the contribution of paths
with winding number 0 and
Ck =
Γ(1 + k+)Γ(1 + k−)
Γ2(1 + k)Γ(1 + µΣ)
e−S
(k)
cl ,
where µΣ = αtΣβEc/2pi
2 and k± = k + µΣ/2 ±√
4µΣk + µ2Σ/2.
The current-current correlation functions may be eval-
uated in the same way. In order to show the evaluation
explicitly, we calculate here only k = 0 terms in detail,
which are the dominating terms if the temperatures are
not too low. Since for βEc ≤ 1, the semiclassical ap-
proach is well-behaved, the k 6= 0 terms are depressed
at least by a factor of exp(−pi2/βEc), and thus much
smaller than the k = 0 terms. In this case the current
auto-correlation function is approximately of the follow-
ing form
〈Ii(τ)Ii(τ
′)〉
(0)
f = 2e
2αi(τ − τ
′)Z−1semi
∫
Dθe−δ
2S[θ]
{1−
1
2
[θ(τ) − θ(τ ′)]2}. (21)
In the Fourier space, we have∫
Dθe−δ
2S[θ]{1−
1
2
[θ(τ) − θ(τ ′)]2}
= Z0
{
1− 2
∞∑
l=1
1
βλ
(0)
l
+ 2
∞∑
l=1
cosωl(τ − τ
′)
βλ
(0)
l
}
. (22)
Hence the corresponding conductance may be evaluated
to give
G
(0)
i,f = limω→0
ω−1ℑm{ lim
iωl→ω+iδ
∫ β
0
dτeiωlτ 〈Ii(τ)Ii(0)〉
(0)
f }
= lim
ω→0
ω−1ℑm
{
lim
iωl→ω+iδ
(2e2)
[
αi(ωl)− 2
∞∑
n=1
αi(ωl)
βλ
(0)
n
+
∞∑
m=1
αi(ωm + ωl) + αi(ωm − ωl)
βλ
(0)
m
]}
. (23)
The summations in the above equation may be carried
out and finally we obtain
G
(0)
i,f = D01/Ri (24)
where the prefactor including the leading correction from
fluctuations reads
D01 = 1− 2[Ψ(µΣ + 1)−Ψ(1)]/αtΣ − βEcΨ
′(µΣ + 1)/pi
2.
(25)
Here the definition of the quantum resistance RK has
been used to get the final result. Note that we have
taken h¯ = 1 in this paper for convenience.
The second term of the current auto-correlation func-
tion and the correlation function between currents
through different tunnel junctions may be evaluated in
the same manner. After some algebra we find that the
terms from the correlation function between the currents
of the same junction satisfy
G
(0)
ii = lim
ω→0
ω−1ℑm{ lim
iωl→ω+iδ
〈Ii(τ)Ii(0)〉
(0)}
=
D01
Ri
[
1−
R1R2
Ri(R1 +R2)
]
, (26)
and the one between different tunnel junctions is of the
following form
G
(0)
ij = lim
ω→0
ω−1ℑm{ lim
iωl→ω+iδ
〈Ii(τ)Ij(0)〉
(0)}
= −
D01
R1 +R2
. (27)
The total dc-conductance of the SET-transistor may be
evaluated accordingly. The quantum conductance ob-
served from the left tunnel junction reads
G
(L)
dc = limω→0
ω−1ℑm{ lim
iωl→ω+iδ
e
∫ β
0
dτeiωlτ 〈I1(τ)F (0)〉
(0)}
= κ1G
(0)
11 − κ2G
(0)
12
=
D01
R1 +R2
. (28)
Likewise, the conductance observed from the right junc-
tion takes the following form
G
(R)
dc = − limω→0
ω−1ℑm{ lim
iωl→ω+iδ
e
∫ β
0
dτeiωlτ 〈I2(τ)F (0)〉
(0)}
= −κ1G
(0)
21 + κ2G
(0)
22
=
D01
R1 +R2
, (29)
which is exactly the same as G
(L)
dc .
For µΣ ≪ 1, the factor D01 may be simplified to give
D
(n)
01 = 1− βEc/3 +O[(βEc)
2]. (30)
In the high temperature limit, the ohmic behavior
Gohm = 1/(R1+R2) is recovered. Up to the order of βEc,
this result is in good agreement with the one by exploit-
ing Fermi golden rule8,9,11. Note that (28) or (29) are
also valid for the SET-transistor formed by tunnel junc-
tions with different resistances and capacitances, while
by directly taking the tunnel Hamiltonian as a perturba-
tion to calculate the quantum conductance analytically
the junctions are taken to be identical8,9.
An anomaly of the quantum conductance occurs if one
or both of the tunnel resistances are much smaller than
RK so that αtΣ ≫ pi
2/βEc ≫ 1. Since the form of D01
holds only if βEc is very small, we have then
D
(a)
01 = 1− 2[ln(αtΣ) + ln(βEc)]/αtΣ +O(1/αtΣ). (31)
3
This anomalous relation may be observed only under the
above-mentioned strict conditions, the calculation here,
however, shows that the linear dependence of the leading
correction of the quantum conductance on βEc is gener-
ally not valid if αtΣ > pi
2/βEc.
The quantum conductance of the SET-transistor as
a series of βEc may be evaluated further if higher or-
ders of the expansion of the action, cos[θ(τ)− θ(τ ′)] and
sin[θ(τ)−θ(τ ′)] in (12) are taken into account. To the or-
der of (βEc)
2 we obtain that the quantum conductance
of the SET-transistor for αtΣ < 1/βEc takes the same
form as (28) or (29), yet with a prefactor
D02 = D01 + [0.0667 + 0.0185αtΣ](βEc)
2 +O[(βEc)
3]
(32)
instead of D01. Higher orders of βEc may also be deter-
mined in the same way. It will be very tedious to calcu-
late such terms and a finite number of terms in the se-
ries is probably not enough to predict the behavior of the
SET-transistor at low temperatures, because the series is
an asymptotic one. At low temperatures more sophisti-
cated techniques are needed to evaluate the path integrals
instead of the simple semiclassical method2,10,14–19.
The quantum conductance of the SET-transistor is an
oscillating function of the gate voltage if the terms with
k 6= 0 are taken into account. Then the quantum con-
ductance of the SET-transistor as a function of the gate
voltage is found to be
Gdc =
D0 + 2C1D1 cos(2pinex)
R1 +R2
, (33)
where at high temperatures the explicit form of D0 is
given by (25) or (32) and the leading term of D1 reads
D1,l = −4pi
2/βEc − αtΣ + 2 + 2pi
2/3 +O(βEc). (34)
In summary, quantum conductance of the SET-
transistor as a function of the gate voltage has been dis-
cussed in this work. By employing the functional integral
approach we have obtained the general formula of the
quantum conductance, which is valid for arbitrary tun-
nel resistance of the junctions forming the SET-transistor
at any temperature. At not too low temperatures the
path integrals have been evaluated by the semiclassical
method to yield an explicit form of the quantum conduc-
tance. This result gives clear criterions to the application
of the SET-transistor as e.g. a new kind of thermometers
insensitive to magnetic field by taking advantage of the
linear dependence of the quantum conductance on βEc
8.
We have also proved that under typically experimental
conditions the linear dependence of the quantum conduc-
tance on βEc is also valid for the SET-transistor formed
by tunnel junctions with different parameters. If the tun-
nel resistances are much smaller the quantum resistance,
an anomaly of the quantum conductance has also been
studied. Our treatment is nonperturbative and includes
also the dependence of the quantum conductance on the
gate voltage. At low temperatures the trivial classical
paths are no more stable, thus the derived path inte-
grals must be evaluated by methods other than the sim-
ple semiclassical approach so that large quantum fluctu-
ations are properly treated.
The author would like to thank M. Bu¨ttiker, D. Esteve,
G. Go¨ppert and P. Joyez for fruitful discussions and the
Deutsche Forschungsgemeinschaft for financial support.
∗ Present Address: Department of Theoretical Physics, Lund
University, So¨lvegatan 14 A, 22362 Lund, Sweden.
1 Mesoscopic Phenomena in Solids, edited by B. L. Altshuler,
P. A. Lee, and R. A. Webb (Elsevier, Amsterdam, 1991).
2 G. Scho¨n and A. D. Zaikin, Phys. Rep. 198, 237 (1990)
and references therein.
3 Single Charge Tunneling, NATO ASI Series B294, edited
by H. Grabert and M. H. Devoret (Plenum, New York,
1992).
4 P. Lafarge, H. Pothier, E. R. Williams, D. Esteve, C.
Urbina and M. H. Devoret, Z. Phys. B 85, 327 (1991).
5 D. V. Averin and K. K. Likharev, in Ref. [1].
6 T. A. Fulton G. J. Dolan, Phys. Rev. Lett. 59, 109 (1987).
7 L. J. Geerligs, V. F. Anderegg, P. A. M. Holweg, J. E.
Mooij, H. Pothier, D. Esteve, C. Urbina and M. H. Devoret,
Phys. Rev. Lett. 64, 2691 (1990).
8 J. P. Pekola, K. P. Hirvi, J. P. Kauppinen and M. A. Paala-
nen, Phys. Rev. Lett. 73, 2903 (1994); J. P. Kauppinen and
J. P. Pekola, ibid 77, 3889 (1996).
9 D. Esteve and P. Joyez, private communication and
preprint.
10 H. Schoeller and G. Scho¨n, Phys. Rev. B 50, 18436 (1994);
G. Falci, G. Scho¨n and G. T. Zimanyi, Phys. Rev. Lett.
74, 3257 (1995).
11 M. H. Devoret, D. Esteve, H. Grabert, G.-L. Ingold, H.
Pothier, and C. Urbina, Phys. Rev. Lett. 64, 1824 (1990);
S. M. Girvin, L. I. Glazman, M. Jonson, D. R. Penn, and
M. D. Stiles, ibid. 64, 3183 (1990).
12 X.-H. Wang (unpublished).
13 V. Ambegokar, U. Eckern and G. Scho¨n, Phys. Rev. Lett.
48, 1745 (1982); E. Ben-Jocab, E. Mottola, and G. Scho¨n,
ibid 51, 2064 (1983).
14 X.-H. Wang and H. Grabert, Phys. Rev. B 53, 12621
(1996).
15 R. Brown and E. Simanek, Phys. Rev. B 34, 2957(1986);
and ibid 45, 6069 (1992).
16 X.-H. Wang, Phys. Rev. B 55, 4073 (1997).
17 D. S. Golubev and A. D. Zaikin, Phys. Rev. B 46, 10903
(1992).
18 J. M. Kosterlitz, Phys. Rev. Lett. 37, 1577 (1976).
19 X.-H. Wang, R. Egger and H. Grabert (unpublished).
4
